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THE CLASSICAL STEINHAUS QUESTION
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Are there two subsets of the plane which, no matter how moved, always intersect
at exactly one point?
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> Steinhaus (1950s): Are there A, B C R? such that

|TAN Bl =1, for every rigid motion 77

Are there two subsets of the plane which, no matter how moved, always intersect
at exactly one point?

» Sierpinski, 1958:

Yes.
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THE CLASSICAL STEINHAUS QUESTION

> Equivalent:

Z 1,4(x—b) =1, for all rotations p and for all x € R
beB

» In tiling language:

for all rotations p.

Every rotation of A tiles (partitions) the plane when translated at the locations B.



FIXING B = Z?: THE LATTICE STEINHAUS QUESTION

» Can we have pA @ Z? = R? for all rotations p?

Can a domain behave simultaneously like all
| |~ those squares?

» Equivalent: A is a fundamental domain of all pZ2.
Or,
A tiles the plane by translations at any pZ?2.
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THE LATTICE STEINHAUS QUESTION

>

>

Major result: Jackson and Mauldin, 2002: Yes.
But no measurability.
Can A be Lebesgue measurable? We interpret tiling almost everywhere.
Results (in the negative direction) by
Sierpinski (1958), Croft (1982), Beck (1989),
Mallinikova & Rukshin (1995), K. (1996):
“Best” so far: (K. & Wolff (1999))
If such a measurable A exists then it must be large at infinity:

/ \)<|%ﬁLE dx = 0.
A

In higher dimension:
K. & Wolff (1999), K. & Papadimitrakis (2002):

No measurable Steinhaus sets exist for Z9, d > 3.
No Jackson - Mauldin analogue is known for d > 3.
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» For A to have the Steinhaus property it is equivalent
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that 14 must vanish on all circles through lattice points.



THE ZEROS OF THE FOURIER TRANSFORM

» For A to have the Steinhaus property it is equivalent

o o o o
o o
o

o

that 14 must vanish on all circles through lattice points.

» Too many zeros imply strong decay of i; near infinity.

This implies continuity, but 14 is an indicator function.
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LATTICE STEINHAUS FOR FINITELY MANY LATTICES

> Given lattices Aq, ..., A, C RY all of volume 1
can we find measurable A which tiles with all A;?

s

L Generically yes! _Move by Ay Move by X

» If the sum AT +--- + A} is di- ‘
rect then Kronecker-type den- VT
sity theorems allow us to rear-
range a fundamental domain of
one lattice to accommodate the
others. ]




AN APPLICATION IN GABOR ANALYSIS

> If K, L are two lattices in RY with
volK-volL =1,
can we find g € L2(R9), such that the (K, L) time-frequency translates
glx— k)™ (ke K (e L)

form an orthogonal basis of L?(R9)?



AN APPLICATION IN GABOR ANALYSIS

> If K, L are two lattices in RY with
volK-volL =1,
can we find g € L2(R9), such that the (K, L) time-frequency translates
g(x — k)™ tx (ke K, € L)

form an orthogonal basis of L?(R9)?
» Han and Wang (2000):
Since vol (L*) = vol (K) let g = 1g where
E is a common tile for K, L*.
» L forms an orthogonal basis for any FD of L*, so of L?(E + x) ( for any x).

» Space partitioned in K-translates of E and on each copy L is an orthogonal basis.
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MULTI-TILING FUNCTIONS

» A function ftiles with the set of translates A if

Z flx—\) = const. a.e. xe R
xeA

> We can find a common tiling function f for any set of lattices
Ai,..., Ay C RY.
Just take (the Dj are fundamental domains of A))

f:]-Dl*"'*]-DN-

» For such an fif volA; 2 1 then

diam supp f = N.
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MULTI-TILING FUNCTIONS: DIAMETER LOWER BOUNDS

> (K. and Wolff, 1997): If f€ L1(RY), with [ f#£ 0, tiles RY with Aq,...,An, and
AN /\J' = {0} and VOI/\J' ~1

then
diam supp f 2 N/

What is the smallest diam supp £ ?

We know
N9 < diam supp £ < N.

at least when A;N A; = {0}.
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Take aq,...,apy € (%, 1) to be Q-linearly independent and

N = Z(aj,0) + Z(0,a; "), A; = Z(a; ', 0) + Z(0, o).

f tiles with all A; = F=0on /\J"-‘. i\

f has zeros of density = N along the
axes. So

diam supp f = N.

(K. & Papageorgiou, 2022)

V

Generic over Q (no algebraic relations)
but not geometrically generic (alignment).

il



MULTI-TILING FUNCTIONS: A CASE OF LARGE DIAMETER

Is there any case of “generic” lattices with a common tile fs.t.

diam supp f = o(N)?



MULTI-TILING FUNCTIONS: THE VOLUME OF THE SUPPORT
» If f=1p, *---*1p, or (more generally)
f="fix---xfy, where f; >0 tiles with A; (1)

then
supp f=suppfi + -+ supp fy

and (Brunn - Minkowski inequality)

d
|supp f| > (!supp A4+ [supp f/v\l/d> > N



MULTI-TILING FUNCTIONS: THE VOLUME OF THE SUPPORT
» If f=1p, *---*1p, or (more generally)
f=fx---xfy, wheref; >0 tiles with A; (1)

then
supp f=suppfi + -+ supp fy

and (Brunn - Minkowski inequality)
d
jsupp A1 > (Isupp A9+ - + [supp /)" 2 V.

What if we drop nonnegativity from (1)?

What if fis any common tile of the Aj, not given by (1)?



MULTI-TILING SETS: GIVING UP MEASURABILITY

» If Gi,..., Gy are subgroups of G it is always enough to find a common
fundamental domain (a common tile) of the G;j in

GL+ -+ Gp.
(&
Gi1+Ga+ -+ Gy

—7 “

G Go Gy
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MULTI-TILING SETS: GIVING UP MEASURABILITY

> (K. 1997) If the lattices Ay, ..., Ay in R? have
(a) the same volume and
(b) a direct sum
then they have a bounded common fundamental domain.

» A common FD for the lattices A; = { A in the group A1 +---+ Ay is
) jen

=2

N
{Z(A} —A):je N}.
» Hall's “marriage” theorem = a good lattice enumeration.

If vol \; = vol A; then there is a bijection fj : N\j — N\; with

|x — {x)| bounded.



EQUAL LATTICE DENSITY NECESSARY FOR BOUNDEDNESS

Assume that L, M are two-full rank lattices in RY, with

vol (L) < vol (M)

such that

Ln M= {0}.
Furthermore assume that F is a common fundamental domain of L, M in R9. Then F is
unbounded.

No measurability of the FD assumed.



PROOF FOR d=1

» Assume A1 = Z and Ay = oZ, with o > 1, irrational.
» If Fis a bounded FD in G=A1 + Ny ={m+na: m,neZ}:

F:m,-—n,-oz:izl,2,...§[—I\/I,M].
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PROOF FOR d=1

» Assume A1 = Z and Ay = oZ, with o > 1, irrational.
» If Fis a bounded FD in G=A1 + Ny ={m+na: m,neZ}:

F:m,-—n,-oz:izl,2,...§[—I\/I,M].

» All mj, nj must be unique and Z = {m;} = {n;}.
Renumbering: F={m— nnpa : me Z}.
P Restricting —R < m < R we get

|m— npal < M.

or
—R+M§nm§ R—l—M.
o o

» ~ 2R values of m correspond to only ~ %R values of n,
Contradiction, as all n,, must be different
(d=1: K. & Papageorgiou, 2022, d > 2: Grepstad, K. & Spyridakis, 2025).
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LATTICE STEINHAUS FOR FINITELY MANY LATTICES

Is there a measurable, bounded common tile for Ay, ..., Ap?

If L, M are lattices in RY of the same volume then they possess a bounded,
measurable common fundamental domain.



TILE WITH A LATTICE, PACK WITH ANOTHER

If L, M are lattices in R? with vol M > vol L then there exists a bounded E C R? such
that E tiles with L and E packs with M.



TILE WITH A LATTICE, PACK WITH ANOTHER

If L, M are lattices in R? with vol M > vol L then there exists a bounded E C R? such
that E tiles with L and E packs with M.

» Not reducible to common fundamental domains.
» Is actually much easier than the common fundamental domain: larger volume
allows room to work.




TILING FINITE ABELIAN GROUPS WITH A FUNCTION

» G, G, subgroups of G, f: G— R20 s t.

Vx€G: Y fAix—g) =G|, Y fix—g) =G|

g1€G 8EG

For example f(x) = 1.



TILING FINITE ABELIAN GROUPS WITH A FUNCTION

» Gi, G, subgroups of G, f: G— R20 s t.

Vx€G: Y fAix—g) =G|, Y fix—g) =G|

g1€6G; £26€G

For example f(x) = 1.

How small can |supp f] be?

» Write
SE ¢, =min{[suppfl: fx1lg =|Gi|lg, fx1g =|Gallg}.

> Always 581762 > max{[G: G1],[G: Gy]}.



REDUCTION TO PRODUCT GROUPS

> If = G/(G1N Gy), = Gj/(GLN Gy) then

G _
5G1762 - 5r1,|—2'

» Can assume: G = G X Go.



THE PROBLEM IN MATRIX FORM

» Group structure irrelevant.

L —2 Suwl

/ )

N
i

Find m x n matrix A with
row sums equal to n, column sums equal to m.

» Minimize the support. Call S(m, n) the minumum.



THE PROBLEM IN MATRIX FORM

» Group structure irrelevant.

m

Suw) éd___..-f
15 1A

L —2 Suwl

/ )

>
Find m x n matrix A with
row sums equal to n, column sums equal to m.

» Minimize the support. Call S(m, n) the minumum.

> Statisticians call these copulas and use them a lot.
A generalization of doubly stochastic matrices.




THE CASE m DIVIDES n

km

» Smallest possible support, since we must have > 1 element/column.

S(km, m) = km.



THE GENERAL CASE: LOUKAKI, 2022, ETKIND AND LEV, 2022

S(m,n) = m+ n— ged(m, n)




TILING R WITH TWO LATTICES: A LOWER BOUND FOR THE LENGTH

» Suppose f: R — R0 is measurable and tiles with both A; = Z and with
A2 = oZ, where o € (0,1):
1
Z fix—n)=1, Z fix— na) = —, for almost every x € R. (3)

(6%
nez neZ
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TILING R WITH TWO LATTICES: A LOWER BOUND FOR THE LENGTH

» Suppose f: R — R0 is measurable and tiles with both A; = Z and with
A2 = oZ, where o € (0,1):

1

Z fix—n)=1, Z fix— na) = —, for almost every x € R.

(6%
nez neZ

Then )
|supp f| > [—‘ a > 2a.
o'

(K. & Papageorgiou, 2022)
» When av =1 — e: convolution 1jg 1) * 1g o is almost optimal.

> Whena:%+ethere is a big gap 1+ 2¢ to 3/2 + €.

What is the smallest possible length of supp f which tiles with Z and aZ?



TILING R WITH TWO LATTICES: ETKIND AND LEV, 2022

Y okez Ix—ka) =p, > ez ix— kB) = q. What about the measure of supp ?

> a/fEQ
» For all p,q € C there is measurable fwith |[suppf] < a+
> If p/g & QT then for any f must have |supp f| > a + .
> If f>0or f€ L! or fhas bounded support then p/q = 3/a, |suppfl > o + B.
> If p/ge QT, ged(p, g) = 1 we can have

|suppﬂ<a+5—min{j,€}+e

and must have

|supp | >a+,8—min{a,/8}
q’ p

> a/f € Qt and simplifying to a = n, 8 = m, with ged(n, m) = 1.

Then p/q = m/n and the least possible |supp f] is n+ m — 1.



3 SUBGROUPS IN A FINITE ABELIAN GROUP:
AIVAZIDIS, LOUKAKI AND SAMBALE, 2023

> If A1,..., A; are complemented isomorphic subgroups of G and the smallest prime
divisor of |A1| is > t then they have a common complement in G.

A C G is complemented if some FD of A in G is a subgroup of G (called
complement of A).



3 SUBGROUPS IN A FINITE ABELIAN GROUP:
AIVAZIDIS, LOUKAKI AND SAMBALE, 2023

> If A1,..., A; are complemented isomorphic subgroups of G and the smallest prime
divisor of |A1| is > t then they have a common complement in G.

A C G is complemented if some FD of A in G is a subgroup of G (called
complement of A).
> If A, B, C C G are cyclic groups of same order then they have a commond FD in G
if and only if the following does not hold:
|A| = |B|] = |C| is even and the product of their 2-Sylow subgroups A>B»
satisifies
A282C2//:A2/IX Bz//:Az//X C2/I: BQ/IX Cz//

where = Ao N B, N G.
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DIAMETER: LATTICES WITH MANY RELATIONS
» Main observation: A1,...,Ay D A and Dis a FD of A then
f=1p tiles with all A; at level [A;: A].

> Let G be a subgroup of Zg. Define the lattice Ag = (pZ)? 4 G, which contains
A = (pZ)? with FD
[0, p)¥ of diameter V/dp.

» Restrict to cyclic subgroups G of Zg:




BACK TO THE DIAMETER: AN EXAMPLE, CONTINUED
» There are J
-1
P ~ pdf1 =N
p—1

different cyclic subgroups G of Zg.
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BACK TO THE DIAMETER: AN EXAMPLE, CONTINUED

> There are g
pr—1 ~pd-l . N
p—1
different cyclic subgroups G of Zg.
> We find vol Ag by its density

vol (pZ)? _ p? il

volAgz = =
¢ G p

> Shrink everything by N=1/9 so that
Ng = N"1Ng
has volume 1.
> (x) := 1} pa(NY %) = 11 y-1/a9(x) is @ common tile for the Af; of diameter
Vdp- NV = /dNT TIN5 = Vd N (much less than N*/9).
(K. & Papageorgiou, 2022)



UNCONDITIONAL LOWER BOUNDS FOR THE DIAMETER?

Derive a lower bound, growing with N, for
diam supp f

where
f tiles with Aq, ..., Ay

and volA; = 1.



DIAMETER: THE CASE d = 1.

» Previous construction gives nothing in dimension d = 1.

We can find N lattices N\j C R of with volA; ~ 1 and a function f with f f> 0 and
supported in an interval of length

N
|0g04086~-- N
which tiles with all A;.

For any € > 0 any such function f must have

diam supp >, N} €.

(K. & Papageorgiou, 2022)



DIAMETER: THE CASE d =1, CONTINUED

» Define

N=\l=—
I N+ j

Then

with union U= Ul-vzl(N‘i‘j)Z-

> ftiles with all A; <= fvanishes on U\ {0}.

1
7, j=12,...
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» Define

1
N=XXZ=—7, j=1,2,... N.
J J N+J7 J )&y ’
Then

A = (N+))Z,
with union U = U’-Vzl(N—i—j)Z.
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» Erdds, 1935: The integers divisible by one of N+ 1, N+ 2,...,2N have density
— 0 as N — oco.



DIAMETER: THE CASE d =1, CONTINUED

» Define

1
L7 j=12...N
Ny

A = \Z =
Then
N = (N+))Z,
with union U= J¥, (N +j)Z.
> ftiles with all A; <= fvanishes on U\ {0}.

» Erdds, 1935: The integers divisible by one of N+ 1, N+ 2,...,2N have density
— 0 as N — oco.

» Tenenbaum, 1980:. Their density is

1
0 <|Og0.086--' N> )
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|Og0A086~-~ N
» Beurling: U separated, dens U < p —

» So dens U= O(*)

3f: [=p, p] — C with =0 on U, /f: 1.



DIAMETER: THE CASE d =1, CONTINUED

> SO dens U O (WN) .
» Beurling: U separated, dens U < p —

3f: [=p, p] — C with =0 on U, /f: 1.

> With p=0 (W) we get a common tile fof support o(1).
» Scale up by a factor of N:

f(x) = fix/N), diamsuppf = o(N),

N
/\j = NAJ TJZ haVe VOI ~ 1.
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DIAMETER: THE CASE d=1: LOWER BOUNDS

» ftiles with Aq,..., Ay, densAj~ 1, =

fvanishes on A7, ..., A}.

» Gilboa and Pinchasi, 2014: The union of n arithmetic progressions of length n (of
different steps ~ 1) contains, for any € > 0,

> n?~€ points.

~

> Jensen's formula: Since fhas > N?~¢ roots in [-N,N] =

diam supp f > N~



THE END

Thank you for your attention!



